Abstract: The Polynomial Freiman-Ruzsa conjecture is one of the central open problems in additive combinatorics. If true, it would give tight quantitative bounds relating combinatorial and algebraic notions of approximate subgroups. In this note, we restrict our attention to subsets of Euclidean space. In this regime, the original conjecture considers approximate algebraic subgroups as the set of lattice points in a convex body. Green asked in 2007 whether this can be simplified to a generalized arithmetic progression, while not losing more than a polynomial factor in the underlying parameters. We give a negative answer to this question, based on a recent reverse Minkowski theorem combined with estimates for random lattices.
Introduction
The Polynomial Freiman-Ruzsa conjecture, first suggested by Katalin Marton, would, if true, give a polynomial relation between combinatorial and algebraic notions of approximate groups. In this note, we restrict our attention to subsets of Euclidean space.
Let A be a finite subset of R n . Its Minkowski sumset is A + A = {a 1 + a 2 : a 1 , a 2 ∈ A}. The doubling factor of A is |A + A|/|A|. Sets of small doubling can be viewed as a combinatorial notion of "approximate subgroups." In R n , a natural example is that of lattice points in a symmetric convex body, as the following standard fact shows. Claim 1.1. Let B ⊂ R n be a symmetric (i.e., B = −B) convex body, let L ⊂ R n be an n-dimensional lattice, and take A = L ∩ B. Then |A + A| ≤ 5 n |A|.
Proof. Note that A + A ⊆ L ∩ 2B. Next, let D be a maximal subset of L ∩ 2B satisfying that the sets in {x + B/2 : x ∈ D} are disjoint. Then on one hand, by the maximality of D, L ∩ 2B ⊆ D + (L ∩ B). On the other hand, by a volume packing argument, |D| ≤ 5 n . Therefore,
We remark that Claim 1.1 fails for non-symmetric convex bodies. Take, for instance, B ⊂ R 3 to be the convex hull of the four points (N, 0, 0),
Freiman [2] showed that sets of small doubling must be contained in a low-dimensional affine subspace. Concretely, if |A + A| ≤ K|A| then A is supported on a subspace of dimension 2K. However, there is an exponential gap between this bound (which is tight) and the example of lattice points in convex bodies. The Polynomial Freiman-Ruzsa (PFR) conjecture is an attempt to bridge this gap. One natural formulation is the following (see [3] for a further discussion). Green [3] asked (and speculated that the answer is negative) whether Conjecture 1.2 could potentially be strengthened, where ϕ(L ∩ B) is replaced by a more restricted object, a generalized arithmetic progression (GAP). A d-dimensional GAP G ⊂ R n is a set of the form
where
By a slight abuse of notation, the size of a GAP G is its size as a multiset, namely
. As one can observe, a GAP G can be written as ϕ(L ∩ B) + x as defined in Conjecture 1.2. More precisely, assuming that b i − a i is even for all i, we can take
ϕ(e i ) = x i where e 1 , . . . , e d are the standard unit vectors in R d , and
GAPs have a simpler combinatorial structure than the general case of linear images of lattice points in a convex body. As such, it will be pleasing if Conjecture 1.2 can be simplified as follows. Conjecture 1.3 (PFR conjecture in R n ; GAP version). There exists an absolute constant c > 0 such that the following holds. Let A ⊂ R n be a set with |A + A| ≤ K|A|. Then there exist
2. a set X ⊂ R n of size |X| ≤ K c , such that |G| ≤ |A| and A ⊂ G + X.
In this note we refute Conjecture 1.3. We show that the bound on |X| cannot be polynomial in K-it is at least of the order of K c log log K for some c > 0. We note that our example is of the form L ∩ B as defined in Conjecture 1.2, so it does not shed new light on the original conjecture.
Let A, G, X be as in Conjecture 1.3. By an averaging argument, there exists an x ∈ X such that
Note that G + x is also a GAP. Thus, the following theorem is sufficient to rule out Conjecture 1.3. Here and below, by a "random n-dimensional lattice" we mean a lattice chosen from the unique probability measure over the set of determinant-one lattices in R n that is invariant under SL n (R) [7] . Theorem 1.4. For any c ≥ 1 the following holds. Let B ⊂ R n be a Euclidean ball of radius n 5/8 and L ⊂ R n be a random n-dimensional lattice. Set A = L ∩ B, and recall from Claim 1.1 that its doubling factor satisfies K ≤ 5 n . Then with probability tending to 1 as n → ∞ over the choice of L, the following holds. For any d-dimensional GAP G ⊂ R n with d ≤ cn and |G| ≤ |A|,
We note that the bound on the intersection of lattice points in a convex body with a GAP in Theorem 1.4 is tight, up to the constant factors. Lemma 3.33 in [8] shows that if A = L ∩ B where L is a lattice and B is any symmetric convex body in R n , then there exists an n-dimensional GAP G ⊂ A such that |A ∩ G| ≥ (c n) −7n/2 |A| for some constant c > 0.
Preliminaries
A rank-d lattice L ⊂ R n is the set of integer linear combinations of d linearly independent vectors
The determinant of the lattice is given by det(L) = det(B t B) 1/2 , where we view B as an n × d matrix. One can verify that the determinant is independent of the choice of basis of a lattice. We say that a subspace W ⊂ R n is a lattice subspace of L if it is spanned by vectors in the lattice L. We denote by B n 2 (r) the Euclidean ball of radius r in R n centered at the origin.
Properties of Random Lattices
We will use the following lower bound on the determinants of sublattices of a random lattice. The formulation below is due to [6] , which in turn is based on the estimates of [9] . Proposition 3] ). Let L be a random n-dimensional lattice. Then with probability tending to 1 as n → ∞, it holds that for any lattice subspace W of L,
where c 1 > 0 denotes an absolute constant.
We will also need the following "reverse Minkowski" theorem, earlier conjectured by Dadush [1] .
Theorem 3.2 ([5]
). Let n ≥ 2 and L ⊂ R n be a lattice satisfying that for any lattice subspace W of L,
By combining Theorems 3.1 and 3.2, we obtain the following.
Corollary 3.3. Let L be a random n-dimensional lattice. Then with probability tending to 1 as n → ∞, it holds that for any n/2-dimensional lattice subspace W of L and any r ≥ c 1 · n 1/4 ,
Proof of the main theorem
We will need the following point-counting version of Minkowski's first theorem due to Blichfeldt and van der Corput (see [4, Thm. 1 of Ch. 2, Sec. 7]).
Lemma 4.1 ([10]
). For any lattice L ⊂ R n with det(L) ≤ 1 and r > 0,
Let G be a d-dimensional GAP as in Eq. ≤ (2 n /|A| n/(3d) ) · |A|.
To conclude the proof note that |A| n/(3d) ≥ |A| 1/(3c) ≥ n n/(24c) by Eq. (2). Therefore |A∩G|/|A| ≤ n −n/(25c) assuming n is large enough.
